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The effect of longitudinal atmospheric turbulence on the dynamics of an airfoil with a hardening cubic
structural nonlinearity in pitch is investigated. The aerodynamics is taken as linear. For the so-called
nonexcited case, corresponding to zero turbulence, two distinct regions of dynamic response are obtained.
For velocities below the � utter speed, the airfoil response is characterized as a stable equilibrium position;
whereas after the onset of � utter, limit cycle oscillations occur. However, three different regions of dynamic
behavior are observed when the airfoil is excited by longitudinal turbulence. For the lowest and highest
ranges of velocity, the dynamic response is the same as that obtained for the nonexcited case. However,
in the middle range of velocities, a new form of dynamic behavior is obtained, where the airfoil response
is concentrated about the equilibrium position. The existence of this new region of dynamic behavior is
attributed to the parametric nature of the excitation. In addition, for the excited case, � utter occurs at a
lower velocity than for the nonexcited case; whereas the onset of limit cycle oscillations occurs at a higher
velocity.

Nomenclature
ah = nondimensional distance between elastic axis

and midchord
b = semichord
h, a = airfoil motion in plunge and pitch directions
Ia = airfoil moment of inertia about the elastic axis
Kh, Ka = linear heave and pitch stiffnesses
K3 = cubic pitch stiffness
k = reduced frequency, vb/Um

k3 = nondimensional cubic pitch stiffness, K3/Ka

Lnd = nondimensional scale of turbulence, L /b
L(t), Mea(t) = lift force and aerodynamic moment about the

elastic axis
M = modulus for pseudorandom number generator
m = airfoil mass
ra = nondimensional radius of gyration
U = total freestream velocity, Um 1 ug

U f,nd = nondimensional � utter speed
Um,nd = nondimensional mean freestream velocity,

Um/bva

U1,nd, U2,nd = nondimensional bifurcation speeds
ug, vg, wg = gust velocities
xm, ym, zm = mean freestream system of coordinates
x, y, z = body-� xed system of coordinates
xa = nondimensional distance from elastic axis to

c.m.
m = nondimensional airfoil mass, m/rpb2

r = density of air
2s g = gust velocity variance
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2s g,nd = nondimensional longitudinal gust velocity
variance, /(bva )22s g

F = Wagner’s function
fg = gust velocity power spectral density
fwn = white noise power spectral density
v = radian frequency
vh, va = radian frequencies in plunge and pitch
9 = derivative with respect to time

Introduction

T HE deterministic, constant coef� cient, two-dimensional,
airfoil with structural nonlinearities in attached incom-

pressible � ow has been, and still is, a rich source of unexplored
nonlinear dynamical behavior. A good review of potential
sources of such structural nonlinearities is given by Breitbach.1

Research on this problem is currently being undertaken at var-
ious institutions,2­ 5 where a number of interesting phenomena
have been predicted. For example, regions of limit cycle os-
cillations, LCOs, below the main � utter boundary have been
predicted, and for certain airfoil parameters the existence of
chaotic oscillations was suggested and recently con� rmed via
calculation of the Lyapunov exponents.4 However, the system
under consideration in these investigations is an idealization
of the real problem. One particular idealization is that the air-
foil is assumed to be free of any sources of perturbation, which
in reality, are always present. From both a practical and the-
oretical point of view, this raises the question of the presence
of random noise.

In the past two decades, physicists have studied the problem
of stochastic � uctuations in light of the recent interest and
understanding of chaotic behavior and related nonlinear dy-
namics. They have revised the classical, intuitive reasoning
that considers randomness in a system as a secondary effect.
In fact, it can no longer be argued that stochastic � uctuations
should be averaged, or � ltered, out of signals arising from
nonlinear deterministic systems. Furthermore, it is now real-
ized that a nonlinear system excited by parametric random
noise can produce bifurcation phenomena and organized be-
havior that have no analog in their deterministic counterparts.
These phenomena have been designated as noise-induced tran-



620 POIREL AND PRICE

Fig. 1 Nondimensional PSD of the Dryden longitudinal gust for
different scales of turbulence; closed-form solution for = 1.0.2s g,nd

sitions.6 They are a product of the interplay between stochastic
� uctuations and nonlinear dynamics.

The interest of the engineering community in the interaction
of random excitations with deterministic chaos and related
nonlinear dynamics has been more recent. However, aeroelas-
tic systems offer a potentially important domain of stochastic
nonlinear dynamic phenomena. In particular, atmospheric tur-
bulence is a ubiquitous source of random noise. Published
work on the effect of atmospheric turbulence on the two-di-
mensional airfoil has concentrated mainly on the linear prob-
lem.7,8 However, new aircraft technologies are learning to cope
and use nonlinear characteristics to their full potential. For
example, � ight envelopes of the latest generation of � ghter
aircraft contain pockets of LCOs at dynamic pressures higher
than the linear � utter speed.9­ 11 Thus, it is crucial to understand
the interaction of stochastic excitations and nonlinear dynam-
ics from an aeroelastic perspective. The aim of this paper is
to explore and describe some of the effects of atmospheric
turbulence on the dynamic response of an airfoil with a struc-
tural nonlinearity.

Problem Description
Atmospheric Turbulence Modeling

Atmospheric turbulence models can generally be catego-
rized within two different approaches.12 The methods associ-
ated with a discrete gust representation are usually of a deter-
ministic nature. On the other hand, continuous turbulence
methods allow for a stochastic perspective. Hybrid methods
also exist and are used in some cases, such as the statistical
discrete gust. In the present analysis, the interest lies in the
effect of nonlinearities from a dynamics perspective, as op-
posed to design load requirements. Thus, a continuous sto-
chastic approach is required for the turbulence model.

The theory of isotropic, stochastic, continuous turbulence
was pioneered by Taylor and von Kàrmàn (see Ref. 13). In
addition to being isotropic, which loosely means that its prop-
erties are independent of orientation at any point in space, the
atmosphere is usually assumed to be stationary and homoge-
neous. In general, atmospheric turbulence is considered to be
a function of three spatial dimensions and time. However, if a
mean freestream velocity Um is superimposed on this � eld of
� uctuations, ug, vg, and wg, it may be assumed that for a co-
ordinate system attached to the mean velocity (xm, ym, zm, and
t), the temporal gradients of turbulent velocity � uctuations are
small compared to the spatial gradients; thus, temporal changes
can be neglected. This is known as Taylor’s hypothesis, or the
frozen gust assumption.14 Since temporal gradients are ne-
glected, a transformation from a spatial to a time system of
coordinates is permissible. For example, the longitudinal gust
with a mean freestream velocity along the xm axis gives

u (x , y , z , t) = u (x , y , z ) = u (x 2 U t, y, z) (1)g m m m g m m m g m

where x, y, and z form the body-� xed system of coordinates.
Hence, at any point � xed on the airfoil, the longitudinal gust
is considered as a function of time only.

In two-dimensional � ow, the atmospheric turbulence veloc-
ity � eld is composed of vertical and longitudinal components.
The vertical component acts as an external forcing function
and does not alter fundamentally the low-dimensional dynam-
ics of the otherwise deterministic airfoil response. On the con-
trary, the longitudinal turbulent � eld excitation, also known as
head-on turbulence, is parametric as it acts on the airspeed. It
is in this context that the stochastic system behavior departs
from its deterministic counterpart and induces new bifurcation
phenomena. In this paper, only the effect of longitudinal at-
mospheric turbulence is considered.

Further assumptions of continuous atmospheric turbulence,
as traditionally applied to aircraft, are a Gaussian distribution
and spanwise uniformity. In this paper, the latter is implicitly

assumed because of the two-dimensional nature of the airfoil.
Changes along the vertical axis are also neglected. In addition,
chordwise uniformity is assumed to facilitate the aerodynamic
modeling, as discussed later in this paper. Subsequently to Eq.
(1), the uniformity assumption permits the gust to be expressed
in a body-� xed coordinate system as

u (x 2 U t, y, z) = u (t) (2)g m g

The spectral content of turbulence can be provided by either
the von Kàrmàn or Dryden models, which are presently the
two most widely accepted models. The Dryden model is used
in the work presented here, since it is easier to handle math-
ematically. The one-sided PSD Dryden longitudinal gust rep-
resentation is given as15

2 2f (v) = s 2(L /pU )/[1 1 (Lv /U ) ] (3)g g m m

and is presented in nondimensional form in Fig. 1 for the par-
ticular scales of turbulence considered in this paper. It can be
shown that the scale of turbulence L, divided by the mean free-
stream velocity Um, is equal to the correlation time of the ran-
dom excitation. This representation is known as Ornstein­ Uhl-
enbech noise in physics literature.6

Airfoil Structural Modeling

The airfoil is modeled as a typical section with degrees of
freedom in pitch and heave. Structural � exibility is provided
by torsional and translational springs. A hardening cubic rep-
resentation of the torsional spring is considered, this is the only
source of nonlinearity. Other nonlinearities, such as the geo-
metric terms have been neglected; thus, oscillations are limited
to small amplitudes. Structural damping is also neglected. The
structural equations, given for example by Fung,16 and modi-
� ed to include the nonlinearity, are

mh0 1 m x ba0 1 K h = L(t)a h

(4)
2 2 3(I 1 m x b )a0 1 m x bh0 1 K a 1 K a = M (t)a a a a 3 ea

Aerodynamic Modeling

Only attached � ow conditions with small amplitude oscil-
lations are considered; hence, the aerodynamics are linear. The
unsteady aerodynamics accounting for memory effects are
modeled, assuming incompressible inviscid � ow, via Duha-
mel’s integral and the two-state representation of Wagner’s
function.16­ 18 This is usually referred to as the arbitrary-motion
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theory. Classically, it considers motion in the structural degrees
of freedom only, where the downwash at the three-quarter-
chord position represents the effective downwash on the air-
foil.16

In this paper, the arbitrary-motion theory is extended for the
case of a random time-varying airspeed, based on the work of
Van der Wall and Leishman.17 They show that the arbitrary-
motion theory compares very well with Isaacs’ theory,19 for the
case of periodic fore­ aft movements of an airfoil, along with
pitch and heave oscillations. In fact, the only difference ap-
pears to be attributable to the limited number of states used in
the approximate representation of Wagner’s function. Note,
that Isaacs19 considered only periodic fore­ aft and pitch os-
cillations. Isaacs’ theory19 was generalized by Van der Wall18

to include heave motion as well, and can be considered exact
for the preceding � uid assumptions.

It is important to note that fore­ aft movement of an airfoil
in a uniform stream is not physically the same as � uctuations
of the freestream velocity. In the � rst case, which is treated by
Isaacs,19 the air� ow is uniform along the chord. On the other
hand, a chordwise velocity gradient exists for a varying free-
stream velocity, which is the case investigated in this paper.
This difference affects both the noncirculatory force and mo-
ment, as well as the bound vorticity of the circulatory terms.
However, the free vortex sheet in the airfoil wake is the same
in both cases. Van der Wall and Leishman17 showed that fore
­ aft movement aerodynamics is an approximation of the un-
steady freestream problem, which is valid only for small fre-
quencies. The chordwise uniformity of the air� ow assumption
is considered here and is extended to the case of random � uc-
tuations. This is supported by the atmospheric turbulence ve-
locity spectrum being concentrated in the low-frequency range.
It is thus assumed that the aerodynamic forces induced by
random variations of the freestream velocity, and accounting
for arbitrary pitch and heave motions, can be accurately mod-
eled by the following:

22L(t) = 2prb (h0 1 Ua9 1 U 9a 2 ba a0)h

t

dF(t 2 s)
2 2prbU V (t)F(0) 2 V (s) ds3/4 3/4F E Gds0

12M (t) = prb ba h0 2 b 2 a Ua9 (5)ea h hF S D2

1 12 2 22 b 2 a U 9a 2 b a 1 a 0 1 2prbh hS D S D G2 8
t

1 dF(t 2 s)
3 a 1 U V (t)F(0) 2 V (s) dsh 3/4 3/4S D F E G2 ds0

where V3/4(t) = h9 1 Ua 1 b(1/2 2 ah)a9 and F(t) = 1 2
0.165 exp(20.0455Umt/b) 2 0.335 exp(20.3Umt/b).

The � rst terms in the lift and moment expressions represent
the noncirculatory forces, associated with � uid inertia. The cir-
culatory forces, given by the second terms, model the effect
of the bound vorticity and the shed wake, convecting down-
stream at velocity U(t) = Um 1 ug(t). Note, that the integral
term given in Refs. 17 and 18 has been integrated by parts
leading to Eq. (5).

Numerical Simulation
Time-Domain Integration

The numerical solution is based on a fourth-order Runge­
Kutta algorithm. The equations of motion must � rst be ex-
pressed in state-space form, giving a seventh-order system.
Four states represent the structural degrees of freedom. Two
of the other states are associated with the lag terms of the
aerodynamics, which appear after reformulation of the integral

in the circulatory force. This leads to an additional second-
order ordinary differential equation (ODE), given by

t

dF(t 2 s) 0.3 Um2V (s) ds = 2 0.0455 3 Z(t)3/4E S Dds 2 b0

Um
2 (0.165 3 0.0455 1 0.335 3 0.3) Z 9(t) (6)

b

where

Z 0(t) 1 (0.0455 1 0.3)(U /b)Z9(t)m

21 (0.0455 3 0.3)(U /b) Z(t) = V (t)m 3/4

The � nal state of the seventh-order system models the Dry-
den longitudinal gust, whose PSD is given by Eq. (3). In the
time domain, it is transformed as

1/2u 9(t) = 2u (t)U /L 1 s (2U /pLf ) G (t) (7)g g m g m wn wn

where Gwn is Gaussian white noise, whose intensity is de� ned
by a single-sided PSD of magnitude one; i.e., fwn = 1. The
airfoil system, modeled by a set of parametrically excited sto-
chastic nonlinear differential equations

3[M ]{q 0} 1 [D(t)]{q9} 1 [K(t)]{q} 1 [K ]{q } = {0} (8)3

where {q} = {a, h, Z }T can then be combined with Eq. (7).
The damping and stiffness matrices [D(t)] and [K(t)], respec-
tively, are time dependent because of the longitudinal turbu-
lence in the aerodynamic terms. The cubic stiffness matrix
[K3], remains constant, however, because the nonlinearity is
purely structural.

Finally, in state­ space form, the seventh-order system of
stochastic differential equations may be expressed as

3{x 9} = [A(t)]{x} 1 [A ]{x } 1 [B]{g(t)} (9)3

where {x} = {a, h, a9, h9, Z, Z 9, ug}
T, {g(t)} = {0, 0, 0, 0, 0,

0, Gwn(t)}
T, and [A(t)], [A3] and [B] are matrices whose indi-

vidual terms are not given here for the sake of brevity. It is,
however, relevant to note that [A(t)] contains quadratic colored
noise terms because of the presence of U(t)2.

White Noise and Random Number Generation

The Gaussian white noise is generated at each time step of
the integration based on the Box ­ Muller algorithm.20 It takes
the form

1/2G (t) = [22(f p/Dt)<n u ] cos 2pu (10)wn wn 1 2

The terms u1 and u2 are uniformly distributed pseudorandom
numbers on the interval (0,1], obtained from an International
Mathematical and Statistical Library (IMSL) subroutine,21

based on a multiplicative congruential generator. It is internally
programmed in machine language; whereas a higher level pro-
gramming would restrict the properties of the generated se-
quence22 too much. It produces the sequence of nonnegative
integers

a = Ca mod(M ), i = 1, 2, 3, . . . (11)i i2 1

The sequence is initiated with a seed, a0, chosen between 1
and the maximum value that can be generated by the generator.
The maximum value of the sequence is called the period of
the generator and is determined by the combination of the
modulus M and multiplier C. An appropriate choice of M and
C gives a maximum period equal to the modulus, thus provid-
ing a uniform distribution within the interval (1,M ]. The dis-
tribution is then normalized by dividing each generated num-
ber by the modulus. The bigger the modulus, the denser the
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Fig. 2 Numerical solution of longitudinal Dryden gust PSD for
= 1.0 and Lnd = 5.0.2s g,nd

Fig. 3 Comparison of the numerical solution with the true Gauss-
ian curve of the longitudinal Dryden gust PDD for = 1.0 and2s g,nd

Lnd = 5.0.

points are in the unit interval (0,1]; in the limit the distribution
becomes continuous. Other desirable properties of this method
are related to the independence between numbers, and also
between the sequence of numbers. These have been shown to
be a potential problem for the congruential generator if the
multiplier ­ modulus combination is not chosen carefully.23

Reference 23 provides a detailed analysis of different multi-
pliers used in conjunction with the multiplicative congruential
generator of modulus 231 2 1. A battery of statistical tests is
applied to different sequences of pseudorandom numbers, and
the best multipliers are determined. In this paper, M is taken
as 231 2 1, and C is chosen as 950706376, which is considered
the best multiplier.23 This multiplier also ensures a period equal
to the modulus.

The same multiplier ­ modulus combination will always give
the same sequence for similar seeds. Thus, this is obviously a
deterministic process, and is the reason why the numbers are
described as pseudorandom as opposed to being truly random.
The fact that the sequence of numbers originates from a de-
terministic process is in itself not relevant. It can be argued
that randomness is a way to account for variations that cannot
be controlled, or which we choose not to control. In this light,
randomness may not have any physical basis, but this is a
philosophical question. What counts is that the sequence of
numbers possesses some basic statistical properties, and that
the solution of the problem is independent of the origin of
these random numbers. This last point will be addressed in the
next subsection.

Solution Methodology and Validation

Results have been generated using a fourth-order Runge­
Kutta numerical integration scheme. Bearing in mind the sto-
chastic nature of the process, special attention is given to the
size of the time step and the number of iterations. Also, we
are interested in the steady-state response only, the time re-
quired for the initial transient response to die out is also of
interest. The factors that determine the magnitude of the time
step are numerical stability and noise correlation time, L /Um.
Accordingly, the time step is taken as the smallest of either
1/128 of the lowest uncoupled natural frequency of the airfoil
or 1/5 of the noise correlation time. A very large number of
iterations is necessary to ensure a smooth probability density
distribution (PDD). This is particularly important when ex-
amining the dynamics of the system, as opposed to a loads
analysis. For example, the variance is much less sensitive to
the sample size in the PDD. For the work presented in this
paper, 4 3 106 to 8 3 106 iterations were used. With regard
to the transient time, it is � rst approximated by the noise cor-
relation time, the gust being modeled by a linear � rst-order
ODE, the transient time is determined analytically, and by a
visual interpretation of the deterministic response. This is then
veri� ed for the stochastic case by comparing statistical and
probabilistic measures for different sample time lengths.

Validation of the results presented in the next section is ap-
proached from different levels. One validation is based on a
comparison of some test cases with Houbolt’s implicit � nite
difference method,24 which, in principle, is more robust. For
the cases tested, both numerical integration schemes gave in-
distinguishable results. Further validation was obtained by in-
vestigating the sensitivity of the results to the time step and
sample time length. Finally, the randomness of the pseudoran-
dom number sequence was examined to ensure independence
of the results with respect to the generator. For the same mod-
ulus, a multiplier of 16,807 was tested in comparison with the
best multiplier used throughout this paper; no signi� cant dif-
ferences were noted. In addition, a shuf� ed version of the
pseudorandom number sequence was also tested, and again,
no difference in the system dynamics was noticed.

Figures 2 and 3 present results giving a validation of the
spectral content, Gaussian distribution, and intensity of the nu-
merically generated gust. It is observed that the PDD is nearly

Gaussian in comparison with a theoretical curve. Furthermore,
the PSD and variance obtained numerically closely match the
closed-form expression represented by Fig. 1.

Numerical Results and Discussion
Before presenting results showing the effect of longitudinal

atmospheric turbulence on the � utter and post� utter response,
the dynamics of the deterministic (nonexcited) airfoil will be
discussed. The cases presented are for an airfoil with the fol-
lowing nondimensional parameters: k3 = 400, vh/va = 0.6325,
xa = 0.25, ra = 0.5, m = 100, and ah = 20.5.

For comparison purposes, Fig. 4 presents bifurcation dia-
grams of the airfoil response as the airspeed is increased for
both the nonexcited and excited cases. At this point, however,
we shall limit our attention to the nonexcited case. The vertical
axis shows both the traditional amplitude of oscillation and the
variance of the airfoil pitch motion. For low airspeeds, the
bifurcation diagram indicates a stable equilibrium point, which
becomes unstable for airspeeds Um,nd $ 4.31. The point U f,nd =
4.31 is the � utter speed, and corresponds to a supercritical
Hopf-bifurcation, because the dynamics for higher airspeeds is
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Fig. 4 Bifurcation diagram of the airfoil response for the excited
and nonexcited cases; = 1.0 and Lnd = 5.0.2s g,nd

Fig. 5 Bifurcation diagram of the airfoil PDD response for the
nonexcited case.

Fig. 6 Bifurcation diagram of the airfoil PDD response for the
excited case; = 1.0 and Lnd = 5.0.2s g,nd

an unstable equilibrium coinciding with a stable limit cycle
oscillation (LCO). The � utter speed and Hopf-bifurcation
(LCO onset) are uniquely determined by either the amplitude
of the pitch oscillation or its variance. In general terms, a bi-
furcation is de� ned as being where there is a qualitative change
in the topological structure of the dynamic behavior.25 In a
deterministic system, this de� nition corresponds exactly to the
point in parameter space where one of the Lyapunov exponents
vanishes, and thus, it is associated with a critical slowdown of
the dynamics. For our case, linearization of the system about
the � xed point gives a complex conjugate pair of eigenvalues,
whose real parts go to zero at the � utter speed. Although not
presented here, it was found that in the vicinity of the bifur-
cation point, the LCO reduced frequency is approximately
0.18.

Since our fundamental interest is in the stochastic (randomly
excited) case, it is relevant to describe the dynamics of the
deterministic system in terms of a PDD. Figure 5 presents the
deterministic bifurcation scenario from this perspective. Note,
that the vertical axis shows the probability density multiplied
by the variance of the response. This representation shows two

qualitatively different regions of dynamical behavior; before
and after the Hopf-bifurcation. Prior to the Hopf-bifurcation,
the response is characterized by a � at distribution, which in-
dicates zero variance or no dynamics. Remember that the ver-
tical axis is the PDD multiplied by the variance. For a pure
PDD plot, we would have a Dirac delta function centered at
zero pitch angle, but in this region the variance is zero. The
LCO response after the Hopf-bifurcation is characterized by a
crater-like shape, the peaks of which correspond to the most
probable value that the pitch angle will take during the motion,
and thus, to the amplitude of oscillation. Hence, the variance
and the location of the peaks of the PDD will be the two main
measures for the system dynamics.

We now discuss the excited case. Figure 6 shows the PDD
multiplied by the variance of the stochastic pitch response for
a range of mean freestream velocities. It is the equivalent of
Fig. 5, but for the excited system. For the results of Fig. 6,
the gust variance is = 1.0, and the scale of turbulence is2s g,nd

Lnd = 5.0, as employed for the results of Figs. 2 and 3. It is
apparent that there are now three distinct regions of qualita-
tively different dynamic behavior, separated by two critical
airspeeds: U1,nd ’ 4.05 and U2,nd ’ 4.45. This suggests that
the response goes through two bifurcations instead of one. The
� rst region, for velocities #U1,nd, is characterized by a � at
distribution, indicating no dynamics. It is only in the third
region, for velocities $U2,nd, that the response demonstrates
fully developed periodic oscillations (Fig. 7d), and we recog-
nize the double-peaked crater-like shape of the PDD represen-
tation that characterizes the LCO motion. The pitch angles at
the peaks of the PDD are analogous to the amplitude of the
LCO motion of the deterministic case. The second region, be-
tween U1,nd and U2,nd, is denoted by a single peak with some
diffusion about its mean, which occurs at zero pitch angle.
Therefore, the most probable value that the pitch angle will
take during this motion is zero. From the perspective of a time
history, which is perhaps a more familiar conceptual tool, dy-
namical behavior is seen, but no fully developed oscillations
are observed (Fig. 7c). The results shown in Fig. 7 give a
detailed representation and comparison of the dynamics be-
tween the second and third regions in terms of PDDs, time
histories, and PSDs. The only clear distinction occurs in the
PDD representation. However, as mentioned earlier, the time
history plots give an indication of the overall behavior. The
PSDs of the pitch angle, Figs. 7e and 7f, indicate the presence
of a second frequency peak, in addition to the LCO frequency
peak, which seems to correspond to the natural frequency of
the stable mode, i.e., mode 2, of the linear system.
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Fig. 7 Detailed comparison of the dynamics in the second and third regions: a), c), and e) Um,nd = 4.2; b), d), and f ) Um,nd = 4.8. a) and
b) PDDs, c) and d) time histories, and e) and f ) PSDs.

A second observation is that the � utter speed and Hopf-
bifurcation are apparently no longer coincident. It is suggested
that U1,nd de� nes the stochastic � utter speed, as the equilibrium
state becomes dynamically unstable at this velocity. Flutter
bears its origin from a linear approach, and thus, can be ob-
served with a linearized system. Because of the stochastic na-
ture of the parametrically excited system, it is dif� cult to pin-
point exactly the point of instability of the linear airfoil using
a numerical time integration method. This is because the closer
we are to the instability, the lower the damping of the slow
variable; thus, locally exceeding the maximum value permitted
by the simulation, even though global statistical measures such
as mean and variance are within an acceptable range. However,
the � utter point can still be determined within an acceptable
margin of error. To that extent, numerical solutions of the sys-
tem with different magnitudes of the nonlinear stiffness coef-
� cient, 50 # k3 # 800, gave exactly the same � utter speed,
con� rming that this is a linear phenomenon.

The de� nition of the stochastic Hopf-bifurcation point is
somewhat more ambiguous and leaves room for interpretation.
Although the spectrum of Lyapunov exponents has not been
calculated for the second bifurcation, intuitively it is suggested

that this second topological change in the dynamics is not as-
sociated with a vanishing of the exponents or a critical slow-
down of the dynamics. This is contrary to deterministic bifur-
cation phenomenon, and is purely a product of the interaction
between the stochastic and nonlinear natures of the system. In
the recent and quickly evolving area of stochastic nonlinear
dynamical systems, this bifurcation type is called a P-bifur-
cation (P for phenomenological).26 The � rst bifurcation is
termed a D-bifurcation (D for dynamical). For the present case,
it is argued that the P-bifurcation represents the stochastic
Hopf-bifurcation and occurs at U2,nd, i.e., where the PDD
changes from being single to double peaked, and also where
fully developed periodic oscillations start to appear in the time
history.

A third observation concerns the exact location of the two
bifurcation airspeeds. This is best seen from the results of Fig.
4, where the vertical axis shows the variance and most prob-
able value of the pitch state. For this particular set of param-
eters, interpolation of the variance results suggests the sto-
chastic � utter point to be at U1,nd = 4.05, while the most
probable value results suggest that the stochastic Hopf-bifur-
cation occurs at U2,nd = 4.45. Also presented in Fig. 4 for
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Fig. 9 Probability of exceedance as a function of airfoil pitch
angle.

Fig. 8 Bifurcation diagram of the mean freestream velocities as a
function of the gust variance for three scales of turbulence.

comparison is the nonexcited deterministic case. We see that,
compared with the nonexcited case, the effect of the longitu-
dinal random gust is to advance the � utter speed and to post-
pone the onset of the LCO. Advancement of the � utter point
can be explained, in part, because of the quadratic airspeed
term. In effect, the longitudinal gust increases the average
magnitude of the dynamic pressure, as de� ned by rŪ 2/2 or
r( )/2, so that the dynamic pressure term associated2 2U 1 um g

with the mean airspeed at which � utter occurs is lower than
for the nonexcited case. The presence of the random compo-
nent in the linear airspeed term also in� uences the location of
the � utter point, but may advance or retard it (see Refs. 8 and
27), where the effect of atmospheric turbulence on the aero-
elastic response of a linear rotor blade was studied. In the work
of Refs. 8 and 27, quasisteady aerodynamics were employed,
and the effect of the quadratic noise term was neglected; also
white noise was assumed. Using Ito’s calculus to obtain a
closed-form solution, it was found that linear noise can either
advance or postpone the � utter point.8,27

The effects of gust intensity and frequency content were
investigated, and some results are presented in Fig. 8, where
the two bifurcation airspeeds are plotted as a function of gust
variance for three different scales of turbulence. Evidently, the
zero gust variance point corresponds to the deterministic case;
thus, we recognize the unique � utter and Hopf-bifurcation air-
speeds, U f,nd = 4.31. As the variance is increased, the region
of single peak PDD becomes larger for all three cases. How-
ever, the second bifurcation point, U2,nd, seems to depart from
the nonexcited case at a lower rate than the � rst bifurcation.
Hence, further enlargement of this region is mainly because of
the advancement of the � utter speed, U1,nd. Again, it is pro-
posed that the noise component of the quadratic airspeed term
explains this behavior.

The effect of scale of turbulence, which is a measure of the
frequency content, is perhaps more interesting. For equivalent
gust variances, the two bifurcation airspeeds approach each
other as the bandwidth of the gust is increased. This is ex-
plained by noting that the effective portion of the excitation
on the system, which is de� ned by the range of natural fre-
quencies or time scales of the deterministic airfoil relative to
the gust bandwidth, decreases for a larger total bandwidth. By
referring to Fig. 1, we see that the area under the PSD curves
for reduced frequencies lower than 0.18, which is the LCO
frequency, decreases for smaller scales of turbulence.

The following discussion perhaps brings a more practical
perspective to the behavior and signi� cance of the single-peak
region. This region has no analog in the deterministic case, as
opposed to the two extreme regions. It cannot be approximated

by either an equilibrium point, nor a limit cycle oscillation.
We mentioned earlier, that although dynamical behavior is ob-
served between U1,nd and U2,nd, the most probable value that
the pitch (or heave) variable takes during the motion is zero.
This has some signi� cance in terms of structural fatigue con-
siderations. In Fig. 9, a comparison is shown between the prob-
ability of exceedance of the pitch angle (the probability that
the airfoil pitch exceeds a speci� c value) for the deterministic
and stochastic cases for the same mean freestream velocity.
The probability of exceedance is related to the frequency of
exceedance, and provides some indication of the susceptibility
of the structure to fatigue deterioration. In this example, the
variance of the pitch response for the excited case is roughly
three times larger than for the nonexcited case. This suggests
that structural fatigue could be much more problematic in the
presence of a longitudinal gust than without it. However, since
most of the dynamics are concentrated about the zero pitch
angle, only a small fraction of the motion has an impact on
fatigue. This is contrary to the nonexcited case, where the dy-
namics are concentrated about a nonzero pitch amplitude. If,
for example, a pitch angle of 0.5 deg is de� ned as the critical
point for fatigue considerations, the example of Fig. 9 shows
that the probability of the pitch exceeding this critical angle is
higher for the nonexcited case than it is for the gust-excited
airfoil. The conclusion that follows is therefore in contradiction
to the one strictly based on response variance.

Conclusions
The addition of the effect of longitudinal atmospheric tur-

bulence on the aeroelastic modeling and analysis of the non-
linear airfoil not only sheds a more realistic light on the dy-
namical behavior, but also leads to the observation of
phenomenon not present in the purely deterministic system.
For the � utter/Hopf-bifurcation of a stiffening cubic torsional
spring, the following points have been noted:

1) Three regions of topologically different dynamic behavior
are observed instead of two. The two extreme regions have
their analog in the deterministic case, i.e., an equilibrium point
and a limit cycle oscillation. The middle region is purely a
result of the combined nonlinear and stochastic nature of the
system.

2) Because there are now three different regions of dynamic
behavior, there are two bifurcation points. The � rst one is the
stochastic � utter speed, and the second one corresponds to the
stochastic Hopf-bifurcation point or to the onset of the sto-
chastic LCO.
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3) For the case considered in this paper, the � utter speed is
advanced by the presence of the random gust, while the Hopf-
bifurcation is postponed. Hence, it appears that the longitudinal
turbulence may lower the dynamic pressure associated with
the mean airspeed at which � utter occurs.

4) The frequency content of the gust excitation, expressed
via the scale of turbulence, has the effect of bringing together
the two bifurcation airspeeds as the bandwidth is increased.

5) The effect of gust intensity, or variance, is to separate the
two bifurcation airspeeds. However, the Hopf-bifurcation point
tends to depart from the nonexcited value at a lower rate than
the � utter speed does.

6) From a more practical perspective, the presence of lon-
gitudinal atmospheric turbulence may alleviate the problem of
structural fatigue by forcing the airfoil dynamics to be con-
centrated in a region about the zero pitch angle, and to be of
small amplitude.

It is emphasized that these conclusions are related to lon-
gitudinal gust excitation only. Its effect is parametric as it acts
via the airspeed. However, in a real environment, the other
gust components, vertical and lateral, are also present. They
act as external forcing functions, and thus, should not alter the
stability or � utter speed of the system. Their in� uence will,
however, be felt on the nonlinear response characteristics. The
previous conclusions must therefore be veri� ed when the pres-
ence of a vertical gust acting on the two-dimensional airfoil is
also accounted for. In addition, for the parametric case, Lya-
punov exponents should be calculated numerically in the vi-
cinity of the two bifurcations.
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